A family F ⊂ 2 [n] is called intersecting, if any two of its sets intersect. Given an intersecting family, its diversity is the number of sets not passing through the most popular element of the ground set. Frankl made the following conjecture: for n > 3k > 0 any intersecting family F ⊂ [n] k has diversity at most n−3 k−2 . This is tight for the following "two out of three" family: {F ∈ [n] k : |F ∩ [3]| ≥ 2}. In this note we prove this conjecture for n ≥ ck, where c is a constant independent of n and k.
Introduction
We denote [n] := {1, . . . , n}, 2 [n] := {S : S ⊂ [n]} and [n] k := {S : S ⊂ [n], |S| = k}. Any subset of 2 [n] we call a family. A family F ⊂ 2 [n] is called intersecting, if any two of its sets intersect. The degree δ i of an element i ∈ [n] is the number of sets from F containing i. We denote by ∆(F ) the largest degree of an element: the maximum of δ i over i ∈ [n]. The diversity γ(F ) of F is the number of sets, not containing the element of the largest degree: γ(F ) := |F | − ∆(F ).
The study of intersecting families started from the famous Erdős-Ko-Rado theorem [3] , and since then a lot of effort was put into understanding the structure of large intersecting families. The EKR theorem states that the largest uniform intersecting family consists of all sets containing a given element, that is, the maximal family of diversity 0. The Hilton-Milner theorem [7] gives the largest size of the family with diversity at least 1. Frankl's theorem [4] , especially in its strengthened version due to Kupavskii and Zakharov [10] bounds the size of the families with diversity at least n−u−1 n−k−1 , where 3 ≤ u ≤ k is a fixed real number.
It is easy to see that the theorem above is sharp for each integer u ∈ [3, k]: consider the families
The family A 3 has diversity n−4 k−3 and size n−1 k−1 + n−4 k−3 − n−4 k−1 = 3 n−3 k−2 + n−3 k−3 . The family A 2 has the same size as A 3 (and this is why the case u = 2 does not appear in the Theorem 1), but the diversity of A 2 is bigger: it is equal to n−3 k−2 . The following problem was suggested by Katona and addressed by Lemons and Palmer [11] : what is the maximum diversity of an intersecting family F ⊂ [n] k ? They found out that for n > 6k 3 we have γ(F ) ≤ n−3 k−2 , with the equality possible only for A 2 and some of its subfamilies. Recently, Frankl [5] (Theorem 2.4) proved that γ(F ) ≤ n−3 k−2 for all n ≥ 6k 2 , and conjectured that the same holds for n > 3k.
The purpose of this note is to prove the following theorem Theorem 2. There exists a constant C, such that for any n > Ck > 0 any intersecting
then F is a subfamily of an isomorphic copy of A 2 .
Proof of Theorem 2
The following theorem, proven by Dinur and Friedgut [2] , is the main ingredient in the proof. We say that a family J ⊂ 2 [n] is a j-junta, if there exists a subset J ⊂ [n] of size j (the center of the junta), such that the membership of a set in F is determined only by its intersection with J, that is, for some family J * ⊂ 2 J (the defining family) we have F = {F : F ∩ J ∈ J * }.
Theorem 3 ([2]
). For any integer r ≥ 2,there exist functions j(r), c(r), such that for any
k is an intersecting family with |F | ≥ c(r) n−r k−r , then there exists an intersecting j-junta J with j ≤ j(r) and
We start the proof of the theorem. Choose C sufficiently large (its choice will become clear later), n > Ck > 0 and an intersecting family F ⊂ [n] k . Then, applying Theorem 3 with r = 5, we get that there exists a j-junta J , j ≤ j (5) , such that |F \J | ≤ c(5) n−5 k−5 < n−5 k−4 , where the second inequality holds provided C is large enough. The first step is to show that, unless J = A 2 , we have γ(F ) < n−3 k−2 . We may w.l.o.g. assume that each of the elements of [n] is contained in at least one set from J .
Proposition 4.
Consider an intersecting j-junta J ⊂ 2 [n] , with center J ⊂ [n], |J| = j, and defined by an intersecting family J * ⊂ 2 J . Then J satisfies one of the two following properties:
• There exists i ∈ J, such that all sets from J * of size at most 2 contain i.
Proof. Note that the intersecting families of ≤ 2-element sets which cannot be pierced by a single element are isomorphic to [3] 2 . Therefore, the only junta that does not fall into the second category must have the center of size 3 and be defined by a family of 2-element subsets of the center. Then we are only left to observe the fact that A 2 is a junta with center J = [3] and defined by the family J * = [3] 2 :
Assume that J is not isomorphic to A 2 . Then, as it follows from the proposition above, γ(J ) ≤ 2 j n−j k−3 . If C = n/k is sufficiently large, then
Moreover, n−5 k−4 < 1 2 n−3 k−2 for any n ≥ 2k. Therefore, in this case we can conclude that
From now on we suppose that J = A 2 . For i = 1, 2, 3 consider the families
g., assume that F 1 has the largest size among such families. We will use the following obvious bound: γ(F ) ≤ |F | − δ 1 . Consider the following three families on [4, n] :
Clearly, G ⊂ [4,n] k−2 ,
Therefore, to conclude the proof of the theorem, it is sufficient to show the following two inequalities:
Then summing these two inequalities with coefficients equal to 1/2, we get that γ(F ) ≤ n−3 k−2 .
There are two important properties that we are going to use. The first one is that F \ J = F 1 ∪ F 2 ∪ F 3 ∪ H 2 , and therefore |G|, |H 2 | ≤ |F \ J | ≤ n−5 k−4 . The second one is that the pair of families G, H 1 as well as G, H 2 are cross-intersecting. We say that two families are cross-intesecting, if any set from one intersects any set from the other.
In what follows we show that (3), (4) hold in a more general form. The proof of the following lemma uses ideas from the paper [10] . Similar inequalities appeared in the paper [6] . Then
Before proving the lemma, let us deduce the inequalities (3), (4) out of (5) and thus conclude the proof of Theorem 2. For (3) we need to substitute A := G, B := H 1 , a := k − 2, b := k, C ′ := C, [m] := [4, n] . Then we conclude that (3) holds even with 4 replaced by C − 1. The deduction of (4) is similar. Moreover, we get that a pair of families may achieve equality in (3) and (4) only if H 1 = H 2 = ∅ (and therefore F i = ∅ for i ∈ [3] ). Therefore, if γ(F ) = n−3 k−2 , then F ⊂ A 2 .
To prove Lemma 5, we need to give some definitions, related to the famous Kruskal-Katona theorem. A lexicographical order (lex) on the sets from [n] k is an order, in which A is less than B iff the minimal element of A \ B is less than the minimal element of B \ A. For 0 ≤ m ≤ n k let L(m, k) be the collection of m largest sets with respect to lex. 
Consider a bipartite graph G 0 with parts A 0 , B 0 , and edges connecting disjoint sets. Then the intersection of A ∪ B with A 0 ∪ B 0 is an independent set in G 0 . In any biregular bipartite graph G = (A, B, E) the largest independent set has size max{|A|, |B|}. Moreover, if I is an independent set, then |I ∩ A|/|A| + |I ∩ B|/|B| ≤ 1, or, in other words, |I ∩ A| + |A| |B| |I ∩ B| ≤ |A|.
Therefore, we conclude that
and we replace the pair A, B with A∪A 0 , B\B 0 without decreasing the sum |A|+(C ′ −1)|B| (indeed, we just replace a certain independent set I := (A ∩ A 0 ) ∪ (B ∩ B 0 ) in G 0 with A 0 , which by the displayed formula above contributes to the sum more than I does). Moreover, the new pair of families stays cross-intersecting: any set from A 0 contains b − a + 3, as well as any set from B \ B 0 . We repeat the same procedure for the families A i , B i , i = 1, . . .:
until the second family in the pair becomes empty. All the calculations stay the same. At the end, we conclude that the sum |A| + (C ′ − 1)|B| is at most the size of the (resulting) first family, which is at most m a .
Under the same assumption that we make in Theorem 2, it is possible to prove certain Hilton-Milner type stability results for diversity (using more elaborate versions of Lemma 5). However, we think that it is more interesting to resolve the problem for any n > 3k and show that the family with the maximum possible diversity must be isomorphic to a subfamily of A 2 , or the "two out of three" family. When 2k < n < 3k, then other families have larger diversity. They can be described as "r + 1 out of 2r + 1" families:
We believe that the following conjecture is true.
Conjecture 1. Fix n ≥ 2k > 0 and consider an intersecting family F ⊂ [n] k . If for some r ∈ Z ≥0 we have (k − 1) 2 + 1 r+1 + 1 ≤ n ≤ (k − 1) 2 + 1 r + 1, then γ(F ) ≤ γ(D r ). First note that, substituting r = 0 in the conjecture, we get that γ(F ) ≤ n−3 k−2 for any n ≥ 3k − 2. Let us explain what stands behind this conjecture. Assume that the most popular element in F is 1. Then the conjecture is just saying that, if one restricts the attention to the family F ′ := {F ∈ F : 1 / ∈ F }, F ⊂ [2,n] k , then the size of F ′ is at most the size of the largest 2-intersecting family on [2, n] . We say that a family is t-intersecting, if any two sets from the family intersect in at least t elements. The exact formulas given in Conjecture 1 come from the famous Complete Intersection Theorem by Ahlswede and Khachatrian [1] .
The families D ′ r ⊂ [2,n] k , D ′ r := {D ∈ D r : 1 / ∈ D} are 2-intersecting. And it comes as no surprise. Indeed, the same must be true for any shifted intersecting family F . Let us first give the definition of shifting.
For a given pair of indices 1 ≤ i < j ≤ n and a set A ⊂ [n] define its (i, j)-shift S i,j (A) as follows. If i ∈ A or j / ∈ A, then S i,j (A) = A. If j ∈ A, i / ∈ A, then S i,j (A) := (A − {j}) ∪ {i}. That is, S i,j (A) is obtained from A by replacing j with i.
The (i, j)-shift S i,j (F ) of a family F is as follows:
We call a family F shifted, if S i,j (F ) = F for all 1 ≤ i < j ≤ n.
For any shifted family δ 1 (F ) = ∆(F ) and, if F is intersecting, then F ′ must be 2intersecting (and, consequently, Conjecture 1 is true for such F ). Indeed, if there are two sets F 1 , F 2 ∈ F , such that F 1 , F 2 ⊂ [2, n] and F 1 ∩ F 2 = {x}, then, by shiftedness, F ′ 1 := F 1 \ {x} ∪ {1} also belongs to F , and we have F ′ 1 ∩ F 2 = ∅, a contradiction. Therefore, Conjecture 1 states that any intersecting family should behave as shifted intersecting families with respect to diversity. Shifting preserves the property of a family to be intersecting, but, unfortunately, it does not allow to control the diversity of a family. This is why the general case cannot be directly reduced to shifted case.
